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ABSTRACT. Let K[S2] denote the collection of entire functions of
exponential type whose Borel transforms are analytic on Q¢ (the complement
of the simply connected domain taken relative to the sphere). Let f be in
K[9] and set L,(f) = @mi) " 1frgn(MF(A)dA (n =0, 1, .. .) where F is
the Borel transform of f, I' C £ is a simple closed contour chosen so that F
is analytic outside and on I" and each gy is in H(S2) (the collection of functions
analytic on 2). In what follows read ‘the sequence of linear functionals
{I.,,(f)}’ wherever the sequence of functions ‘{g,,}’ appears. Let T denote
a continuous linear operator from H(S2) to H(A) where A is also a simply
connected domain. The topologies on H(S2) and H(A) are those of uniform
convergence on compact subsets of  (resp. A).

The purpose of this paper is to consider uniqueness preserving operators,
i.e., operators T which have the property that K[A] is a uniqueness class for
{T(g,,)} whenever K[Q] is a uniqueness class for {g,,}, and to examine inter-
polation preserving operators, i.e., operators T which have the property that
K[A] interpolates the sequence of complex numbers {b,,} relative to {T(g,,)}
whenever K[S2] interpolates {b,;} relatives to {g,}. Once some classes of
uniqueness preserving operators and some classes of interpolation preserving
operators have been found, we proceed to obtain new uniqueness and inter-
polation results from our knowledge of these operators and from previously
known uniqueness and interpolation results.

Operators which multiply by analytic functions and some differential
operators are considered. Composition operators are studied and the results
are used to extend the interpolation results for sequences of functions of
the form {[ W(g')]"} where W is analytic and univalent on a simply connected
domain.

1. Introduction. Let Q denote a simply connected domain in the complex
and K[Q] the collection of entire functions of exponential type whose
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Borel transforms are analytic on Q€. For each fin K[2] let B(f) denote its
Borel transform. Note that K[2] is often thought of as the collection of entire
functions of exponential type whose conjugate indicator diagrams are contained
in £. The class of functions analytic on Q will be denoted by H(£2). We assume
throughout the article that H(2) has the topology of uniform convergence on
compact subsets placed on it. It is well known [16, pp. 35, 38] that K[2] may
be identified with the dual space of H(S2). In fact H(S2) is also the dual space of
K[2]. The bilinear form pairing them is given by

(1.1) (a,g)= (2mi)y! fr aQ\) GQ) dA,

where « is in H(R2), g is in K[Q] with G = B(g), and ' C Q is a simple closed
contour chosen so that G is analytic outside and on I

The uniqueness and interpolation problems with which we shall deal involve
sequences {L,} of continuous linear functionals defined on K[2]. From (1.1)
it is clear that there exists a sequence {g,} of functions from H(£2) so that

(1.2) L(f)={g.f> (=0,1,...).

Throughout this article we shall identify each sequence of continuous linear func-
tionals on K [©2] with the sequence of functions from H(2) which generate them
as in (1.2). With this identification we say that K[£2] is a uniqueness class for
{g,} if fin K[Q] and (g, /) =0(n =0, 1,...) imply that f= 0. We note
that such sequences {g,} are also said to be rotal on K(2). A sequence of com-
plex numbers {b, } is said to be interpolated by K[S2] relative to {g,} if there
exists f in K[Q] with(g,, )=b,(n=0,1,...).

Much of the previous work done in the area of uniqueness and interpolation
involves sequences of the form {[W({)]"} where W is a function analytic on €.
An easy application of our theory gives a new proof of known necessary and
sufficient conditions for K[2] to be a uniqueness class for {[W({)]”}. Our theory
also yields an improved theorem giving necessary and sufficient conditions for
K[Q] to interpolate {b,} relative to {[W(£)]”}. The theory described in what
follows examines characterizations of certain types of operators which ‘preserve’
the notion of uniqueness as well as others that ‘preserve’ the notion of interpola-
tion. These characterizations will be used to examine certain simple, but useful,
operators which will in turn be used to obtain new uniqueness and interpolation
results from old ones. We fix the ideas above with the following definitions. Let
A denote a simply connected domain and let T denote a continuous linear opera-
tor from H(2) to H(A). Then T is said to be uniqueness preserving if K[A] is a
uniqueness class for {T(g,)} whenever K[Q] is a uniqueness class for {g,}. The
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operator T is said to be interpolation preserving if K[A] interpolates {b,} relative
to {T(g,)} whenever K[Q] interpolates {b,} relative to {g,}.

2. Some general results. Let T denote a continuous linear operator from
H() to H(A). For each fin K[Q] define T'(f) by
2.1 (o, T'(f))=(T(),f ) forall ainHE).
The operator T’ from K[A] to K[Q2] defined above is called the dual operator
of T. This dual operator plays an important part in the results which follow.

The following easy theorems give useful characterizations of the operators
under consideration. The proofs which are omitted below can be found in [7].

THEOREM 2.2. Let T be a continuous linear operator from H(2) to H(A).
The following conditions are equivalent.

(a) T is uniqueness preserving,

(b) T' is one-to-one,

(c) T(H(Y)) is dense in H(A), and

(d) there exists a sequence {g,} of functions from H() so that K[A] is a
uniqueness class for {T(g,)}.

THEOREM 2.3. Let T be a continuous linear operator from H(2) to H(A).
Then the following conditions are equivalent.

(a) T is interpolation preserving,

(b) T' maps onto K[Q2], and

(c) there exists a sequence {g,} such that K[Q] is a uniqueness class for
{g,,} and K[A] interpolates {b,,} relative to {T(g,)} whenever K[A] interpolates
{b,,} relative to {g,}.

ProoF ((c) implies (a)). Assume T is not interpolation preserving, then by
the equivalence of (a) and (b) T' does not map onto K[Q2]. Let g be in K[Q2]
so that g is not in the image of K[A] under T'. Setb, =(g,,8)(n=0,1,...).
By hypothesis there exists f in K[A] so that (T(g,), f)=b, (n=0,1,...).
But, then (g, g) =(g,, T'(f)) (n =0, 1, ...) and g # T'(f) which contradicts
the hypothesis that K[2] is a uniqueness c]ass for {g,}. Hence, T must be inter-
polation preserving.

THEOREM 2.4. If T is a continuous linear operator from H(2) to H(A),
then the following conditions are equivalent.

(a) T is both uniqueness preserving and interpolation preserving,

(b) T is a linear homeomorphism onto H(A),

(c) T and T' are both one-to-one, and

(d) T maps onto H(A) and T' maps onto K[S].
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3. A further characterization of uniqueness preserving operators. Since the
spaces dealt with here are nice, the continuous linear functions discussed above
have a useful integral representation. It is known [16] that there is a one-to-one
correspondence between the continuous linear operators, denoted by T, from
H(2) to H(A) and the functions denoted by M(A, ¢) which are locally holomorphic
on £° x A and which vanish at o for each { in A. This correspondence is de-
scribed as follows. For each a in H(2) and each § in A

(3.0) [T@)]) = (2mi)! fr aQOMQ, §) d,

where I' C Q is a simple closed contour depending upon the particular { which

is chosen so that M(), {) is analytic outside and on I'. We remark that MQA, {) =
1/h — ¢ generates the identity operator from H() to H(S2). In this case (3.1) is
just the Cauchy integral formula. In this section we will characterize the locally
holomorphic functions which generate uniqueness preserving operators as in (3.1).
More directly we shall characterize a class of functions on C x A which yield an
integral representation for T'. These functions are described below.

Suppose that M(w, ¢) is locally holomorphic on ¢ x A and vanishes at oo
for each ¢ in A, then for each { in A, M(}, ¢) is the Borel transform of some
function in K[2]. Thus, the Pdlya representation of entire functions of exponen-
tial type may be used to define m(w, ¢) as follows. For each ¢’ in A

32) miw, £) = @n)™ [ e Q1 £)

for all ¢ in some disk D', )C A, wheré T C Q is chosen so that M(Q\, ¢) is
analytic outside and on I" for all { in D(¢’, 7)and so that MQ), {) is analytic on
D(¢', r) for each A on I. It follows that m(w, ¢) is holomorphic on C x A and
that m(w, ¢) is in K[Q] for each { in A. It can be shown by direct methods
that if T and M are related as in (3.1), T’ and m are related by

(3.3) [T'()Iw) = @ni)™! fP m(w, §) F(§) dt
¢

for each f in K[A], where Ty C A is chosen so that F = B(f) is analytic outside
and on T'y. It is relatively simple to determine m given M using (3.2). For example
if MQ\, §) = 1/A = ¢ and Q = A then m(w, {) = ™ and T’ determined by (3.3)
is the identity map from K[§2] to K[2]. The next theorem characterizes the
functions m which correspond by (3.1) and (3.2) to uniqueness preserving op-
erators 7.

THEOREM 3.4. Let T be a continuous linear operator from H(SY) to H(A)
and suppose m(w, ¢) is related to T by expressions (3.1) and (3.2). For each
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n=0,1,...setg,) = [0"m(w, §)/ow"]|,—o. Then T is uniqueness preserving
if and only if K[A] is a uniqueness class for {g,}.

PROOF. - Suppose that T is uniqueness preserving and that f is in K[A] with
g, N=0(m=0,1,...). Seth(w) = mi) ™ fpm(w, §) F(¢)ds; then for each
n=0,1,...

")) = (2ni)-‘frla"m(w. Ofow]1,,—oF) dt = (g, £ =0,

Hence, # = 0 so that T’ one-to-one implies that f = 0.
Suppose that K[A] is a uniqueness class for {g,}. Let f be in K[A] with
T'(f)=0. Then foreachn=0,1,...,

0 =3"[T'(NIW)/ow"ly=p = (27Ti)"frg,,(§) F§)ds, B(f)=F.

By hypothesis f = 0 and T is one-to-one. Thus, T is uniqueness preserving.

The class of functions m(w, ¢) holomorphic on C x A with the property
that f= 0 whenever fis in K[A], B(f) = F, and [m(w, §)F()d$ = 0 was
suggested to be of interest by DeMar in [15].

4. A further characterization of uniqueness preserving and interpolation
preserving operators. Let U denote the unit disk with center the origin. We shall
link operators which are both uniqueness preserving and interpolation preserving
from H(U) to H(U) to the notion of proper basis in H(U). The sequence {a,,} of
functions in H(U) is said to be a proper basis in H(U) if for each a in H(U) there
exists a sequence of complex numbers {c,} so that Z,;_, c,,({) converges to
o) forall § in U, ifc, =0(n =0, 1,...) whenever Z;_, c,,({) converges
to 0 on U, and if Z;_, c,, () converges on U if and only if Z;_, ¢,§" con-
verges on U. Some examples of proper bases may be found in [1]. We now
state our characterization.

THEOREM 4.1. Let T be a continuous linear operator from H(U) to H(U)
and let m(w, §) be related to T by (3.1) and (3.2). Set g,(5) = 3"m(w, §)[ow”|,,=¢
(n=0,1,...). Then Tis both uniqueness preserving and interpolation pre-
serving if and only if {g,} is a proper basis in H(U).

ProOOF (4f’). By [2, Theorem 1] since {g,} is a proper basis in H(U), for
each ry with 0 <7, <1
. 1/n
lim sup L e 1£,() l] <1

}\n-l»l

Hence, for each positive ry <1 there is a p, <1 so that Z°_8,()/ con-
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verges for each ¢ with |{| < ro and for each A with [\| > p,. Thus, for each §
in U, NQ\, §) = Zp_ 8,(§)/N**! is analytic on U and zero at . Set

4.2) k(w, §) = (2m)~! freW*No\, §)dn = f: £,(5) wW'/n!.
n=0

Note that the series in (4.2) converges uniformly on compact subsets of C for
each { in U. Then 8"k(w, §)/ow"|,_o, =g,() (# =0, 1,...) and for each
positive ry <1 there is a positive py <1 so that E;":ogn({)/h"“ converges to
M\, §) corresponding to m for each { with [§| <r, and for each A with [\| > p,.
Fix ry with 0 <7, <1, set §,(A) = ANt(n=0,1,...)and let T be a circle
with center the origin and radius greater than p,, corresponding to r,, but less
than 1. Then foreachn=20,1,...,

[TEI1 () = @mi)™t | M\, ) 8,0 d\ = (2mi)™? i gEYN*1) N
r \i=0

= i F2(9) [(Zm')‘l RS dk] =£,().
i=0 ~r

The uniform convergence on I' of the series was used to interchange the order of
integration and summation. Hence, I' generated by M maps §,, to g, (n =0, 1,
...). By [2, Theorem 2] that {g,} is a proper basis in H(U) guarantees the
existence of a linear homeomorphism from H(U) onto H(U) which maps 8, to g,
foreachn =0, 1,.... Clearly, T must be this linear homeomorphism and ,
thus, T is both uniqueness preserving and interpolation preserving,.

(‘only if’). If T is both uniqueness preserving and interpolation preserving,
then from Theorem 2.6 T is a linear homeomorphism. By [2, Theorem 2] if
T¢,)=a,(m=0,1,...) then {a,} is a proper basis in H(U). But it was
shown in the proof of the ‘if* part that if {a,} is a proper basis in H(U), k(w, §)
=Zr_ 0%, (W"/n!, and T, is the continuous linear operator corresponding to %,
then 8"k(w, $)/oW”"|,,—o = @, () and T, 6,) =, (n=0,1,...). Thus, T, =
T, kw, ) =mw, ), a, =g, (n=0,1,...),and {g,} is a proper basis in
H(U). Thus, the proof is completed.

5. Some applications of the theory. In this section the theory developed
above will be applied to consider simple but useful examples of uniqueness pre-
serving operators as well as examples of operators which are both uniqueness pre-
serving and interpolation preserving. Composition operators, operators which
multiply by an analytic function, and some differentiation operators will be con-
sidered. These operators will then be used to produce uniqueness and interpolation
results. We remark that once our machinery has been developed one may quickly
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and easily obtain known results that required much work to obtain in the first
place. The machinery also leads directly to new results. The following discussion
provides examples of the simplicity and usefulness of our method.

Let A be a simply connected domain in the complex plane. Set Q& = W(A)
where W is a function analytic on A and define T from H(2) to H(A) by
[T(@)] §) = «(W($)) for each a in H(2). If W is univalent on A then T is a
linear homeomorphism so that by Theorem 2.4 T is both uniqueness preserving
and interpolation preserving. However, if W is not univalent on A with W(§,) =
W(¢,) for &, # ¢, then every § in the range of T has the property B($;) = B(§,)
so that T does not have dense range. By Theorem 2.2 T is not uniqueness pre-
serving. The preceding discussion is summarized by the next theorem.

THEOREM 5.1. The operator T corresponding to W analytic on A is both
uniqueness preserving and interpolation preserving if and only if W is univalent
on A.

This theorem encompasses two theorems proved by DeMar [11, Theorem 2,
p. 8] and [18, Lemma 1]. Many of the sequences of functions analytic on a
simply connected domain A which have been previously studied are of the form
{[W()]"} where W is analytic and univalent on A. The next result follows from
the fact that K[C] is a uniqueness class for {A"} since {A"} corresponds to the

sequence of functionals {f gg;}.

COROLLARY 5.2. Let W be analytic on A. A necessary and sufficient
condition for K[A] to be uniqueness class for {{W($)]"} is that W is univalent
on A.

This result is not new but it has a long history. See e.g. Gel'fond [13], Buck
[6], and DeMar [10]. Our proof is simpler. The following corollary is an im-
provement over other attempts to find such necessary and sufficient conditions
by Buck [5] and DeMar [8] and [9] since it is not required that the origin be
in A or that W(0) = 0 if the origin is in A. Its proof may be found in [7].

COROLLARY 5.3. Let W be analytic and univalent on A. Let {b,} be a
sequence of complex numbers and define a function By by By(§) = Zp— b, /"1
and its analytic continuation. Then K[A] interpolates {b,} relative to {[W()]"}
if and only if B, is analytic on [W(A)]€.

ExaMPLE 5.4. Previous attempts at determining the necessary and sufficient
conditions in Corollary 5.3 did not cover the Carlson functionals {f(n)} since
they are generated by the sequence {€"*} so that W@) = % which does not have
the property that W(0) = 0. Set A = {{ =x + iy: —n <y <m}. Then W(A) is
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the complex plane slit from the origin to o along the negative x-axis. Hence,
{b,,} can be interpolated by K[A] relative to {f(n)} if and only if By({) =
oo b,/§" 1 is analytic on [W(A)]€. Note that a similar result holds if A is
taken to be {{ =x + iy: m <y < 3w} which does not contain the origin.

It may be of interest to the reader to note that the integral formulas dis-
cussed in §§3 and 4 applied to the composition operator T corresponding to
W(¢) and its dual T’ are given by

[T@]®) = @mi) fr a($)I\ - WD) dt,

[T'(] (@) = Q@riy ! [P EVORG) &, F = B(f).

From the characterization of uniqueness preserving the interpolation pre-
serving operators in §4, one may observe that if W is analytic and univalent on
the unit disk U mapping U onto U then by Theorems 4.1 and 5.1 {[W({)]"} is a
proper basis in H(U).

We now turn our attention to operators which multiply by a given analytic
function. Let 4 denote a function which is analytic on the simply connected
domain Q. In the following let T denote the linear operator from H(2) to H(S2)
defined by T(e) = Aa for each « in H(2). The uniqueness preserving and inter-
polation preserving properties of T follow directly.

THEOREM 5.5. If A # 0, then the corresponding T is interpolation preserving.

PROOF. Suppose there exists g in K[Q2] with (g,, g>)=b, (n=0,1,...).
Then (2mi) " f1g,A)GA)d\ =b, (n=0,1,...) where G =B(g) and ' C Q
is a simple closed contour chosen so that 4 has no zeros on I' and G is analytic
outside and on I. Then G(A\)/A(}) is analytic on T', hence, there exist functions
F; and F with GQ)/AQ) = F;(\) + Fy()) for all A in some neighborhood of T',
where F is analytic inside and on I' and F is analytic outside and on I' with
Fy(>) = 0. Now

by = @)™ [ £,00 GO = ri)™ [ £,00 [4Q) FiQ) +A4Q) Fo®)] A\

= (ni)™" f £,00 400 Fo®) 1.

But, f, with B(fy) = F is in K[Q2] and the result follows.

If A has no zeros on § then T is a linear homeomorphism and is, therefore,
uniqueness preserving. If A has zeros on £2, then T cannot have dense range.
Thus, we have the following result.
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THEOREM 5.6. The operator T corresponding to A is uniqueness preserving
if and only if A is nonzero on Q.

The following example demonstrates how the preceding two theorems may
be used to obtain new uniqueness and interpolation results.

ExaMPLE 5.7. The Abel functionals {f)(n)} are generated by the se-
quences of functions {({e¥)"}. Set @ = {re’®: r < (7 = 10))/sin ]}. Then ¢ef is
univalent on © and by Corollary 5.2 K[2] is a uniqueness class for
{5 H{F™®)}]. Set A®K) = €8 + €%, then 4 has no zeros on £ so
Theorem 5.6 may be applied to obtain that K[Q2] is a uniqueness class for the
sequence of functions {{"e(* ¥ + ¢"e("~1)8} Using the traditional terminology,
we obtain that K[2] is a uniqueness class for the sequence of linear functionals
™M+ 1)+ £™@m - 1)} Applying Theorem 5.5 and Corollary 5.3 we find
that K[Q] interpolates {b, } relative to {f M@ + 1) + ™ - 1)} if and only
if By defined By(§) = Zp—q by /¥ * 1 is analytic on Q°.

The dual operator T’ of T defined by T(c) = Ac has the integral repre-
sentation

[T(NIwW) = @ui) ' [ AQ) VR &S, F = B,

If D" =d"/dw" and A(¥) = Z;i— 5a,,¢" then formally [T'()] W) = 2, -4a,D"f(w).
The equation

(5.8) gw)= X a,D"f(w)
n=0

where f and g are in K[Q2] has been previously studied; see Boas and Buck [4,
pp. 67—70] for a discussion and further references. Theorems 5.5 and 5.6
provide simple answers to the questions concerning existence and uniqueness of
solutions of (5.8). After making the assumptions on £ required by the type of
summability used, one can make the following observations. Since T is interpola-
tion preserving, T' maps onto K[£2], so for each g in K[Q2], there exists f in
K[Q] with g(w) ~ Z._,a,D"f(w). Such expansions are unique if and only if
A has no zeros on .

We conclude by considering some differentiation operators. First, the
operator D defined on H(S2) for some fixed §2 has integral representation

D@1 = @m)™ f eQu/(x - £ an

for each @ in H(2). Its dual, D', has the representation
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D' ) = @uiy™ [ web™F) ds = wfGw)  (F = BUFY)
1

Clearly, D' is one-to-one on K[£2] so that D is uniqueness preserving. The fol-
lowing example demonstrates the value of knowing that the operator D is unique-
ness preserving.

ExaMpLE 5.9. Let {a,} be a sequence of complex numbers such that
a, — 0and Z7_, b, —a,,,| <. Gontcharoff [14] has shown that K[C] is
a uniqueness class for the sequence of functionals {f )a,)}. Since D is unique-
ness preserving we can say that K[C] is also a uniqueness class for {nf "1 )(a,,)
+a,f (”)(an)}.

An application of our theory shows that if & is a simply connected domain
containing the origin, then T defined by [T(®)] () = a(}) + £a'(§) is both unique-
ness preserving and interpolation preserving from H(S2) to H(2). Example
5.10 results from this observation.

EXAMPLE 5.10. Set Q = {¢ =x + iy: |y| <} then from Corollary 5.2
we note that K[€2] is a uniqueness class for {f()}. From the preceding remarks
we observe that K[2] is also a uniqueness class for {f(n) + nf'(n)}. Using Example
5.4 and the comments preceding this example, one obtains that {b,} can be
interpolated by K[Q] relative to {f(n) + nf'(n)} if and only if ZF_, b/t t!
is analytic on °.
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